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.
Refineries are increasingly concerned with improving the scheduling of their opera-

tions to achieve better economic performances by minimizing quality, quantity, and lo-
gistics give away. In this article, we present a comprehensive integrated optimization
model based on continuous-time formulation for the scheduling problem of production
units and end-product blending problem. The model incorporates quantity, quality, and
logistics decisions related to real-life refinery operations. These involve minimum run-
length requirements, fill-draw-delay, one-flow out of blender, sequence-dependent
switchovers, maximum heel quantity, and downgrading of better quality product to
lower quality. The logistics giveaways in our work are associated with obtaining a fea-
sible solution while minimizing violations of sequence-dependent switchovers and max-
imum heel quantity restrictions. A set of valid inequalities are proposed that improves
the computational performance of the model significantly. The formulation is used to
address realistic case studies where feasible solutions are obtained in reasonable com-
putational time. VVC 2010 American Institute of Chemical Engineers AIChE J, 57: 1570–1584,

2011
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Introduction

The refinery operations scheduling problem involves deci-
sions that are related to quantity, quality, and logistics.
Quantity decisions include lot sizes for raw material, inter-
mediate and product tanks inventories, amount of material
moving between production units and storage tanks, etc.,
whereas quality decisions deal with obtaining finished prod-
ucts that meet specific quality requirements. Logistics con-
straints include policies and procedures for production opera-
tions that deal with allocating resources to operations,
sequencing or ordering of different modes of operations, and
determining the durations of operations.

Refinery scheduling has received a lot of attention in liter-
ature. Jia and Ierapetritou1 proposed a solution strategy that
decomposes refinery operations into three suboperations: (1)
the crude-oil unloading and blending, (2) the production unit
operations, and (3) the product blending and lifting. Problem
1 involves the crude-oil unloading, blending, and inventory
control; Problem 2 includes production unit scheduling; and
Problem 3 consists of finished product blending and lifting.
The crude-oil unloading problem has been extensively stud-
ied.2–6 The complex crude-oil blend scheduling optimization
problem is decomposed into logistics and quality subpro-
blems by Kelly and Mann.7,8 They used successive linear
programing to solve the quality subproblem. Models based
on continuous-time representation are proposed for refinery
production unit scheduling problem.9–11 The purpose of
blend scheduling optimization problem is to find the best
way of mixing different semifinished products that have
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been rectified during various refinery processes with some
additives so as to produce final products that meet quality
specifications and demand while minimizing cost. Glismann
and Gruhn12 proposed a decomposition technique based on
first solving the nonlinear (NLP) quality optimization model
and then solving a mixed-integer linear programing (MILP)
model to optimize temporal and resource decisions. A MILP
optimization model based on continuous-time representation,
using unit-specific event points, and fixed blend recipe was
developed by Jia and Ierapetritou.1 They modeled multipur-
pose product tanks, but they do not include certain features
such as sequence-dependent switchovers constraints, fill-
draw-delay at product tank, and one-flow out of blender. An
iterative procedure is proposed by Mendez et al.13 to deal
with variable recipe and nonlinear properties for different
grades of products by replacing MINLP with sequential
MILP formulations. They enforced prepared blend recipe
whenever it is possible. In their model formulation, they did
not consider multipurpose product tanks, fill-draw-delay, and
minimum run-length requirement. There is extensive litera-
ture on the refinery blending problem using nonlinear opti-
mization tools.14–16

Kelly17 emphasized the importance of logistics details in
refinery blending and delivery problem and proposed a
decomposition of the blend scheduling problem into two
subproblems, logistics and quality. The logistics subproblem
considers only the quantity- and logistics-related variables
and the problem constraints, whereas the quality subproblem
considers product specifications, quantity constraints, and
bounds. Their work is based on discrete-time representation,
and their formulation includes many logistics details such as
minimum run length, sequence-dependent changeovers, and
fill-draw-delay. They observed that incorporating logistics
details into scheduling problem can yield substantial
improvements in efficiency and productivity.

The work referenced in the previous paragraphs has been
limited to the off-line blending problem. However, because
of economic pressure for reducing on-site storage inventory
and safety concerns for reducing inventory of volatile mate-
rials, today, most products are made by blending components
together in an in-line blender where the process consists of
simultaneously adding several streams of intermediate com-
ponents into a common header without using component
storage tanks. With more product grades, stricter specifica-
tions, new government regulations, and fewer feasible
blends, refineries face increasing challenges to maintain, let
alone increase, profitability. What is needed is a comprehen-
sive model for the entire refinery scheduling problem that
addresses quality, quantity, and logistics issues in a unified,
yet flexible approach. The comprehensive model is complex,
hard to build and solve, and there is sparse work in literature
in this area. Moro et al.18 proposed a planning model for re-
finery diesel production where the emphasis is on blending
relations. Pinto et al.19 proposed a planning and scheduling
model for refinery production and distribution operations.
Their formulation is based on discretization of time, and the
model includes features such as sequence-dependent transi-
tion cost of products within oil pipeline. Luo and Rong20,21

developed a two-tiered decision-making hierarchical schedul-
ing model for overall refinery. The upper level optimization
model is based on discrete-time formulation, and it is used

to determine sequencing and timing of operations modes and
to decide the quantities of materials produced/consumed at
each operations mode. The upper decisions level uses aggre-
gated tanks storage capacity, whereas the lower level uses
heuristics to obtain a detailed schedule. They consider multi-
purpose product tanks via an iterative procedure that allows
to readjust aggregated tank capacity at the lower level by
changing multipurpose tank service mode and then to recal-
culate corresponding optimal solution at the upper level. The
logistics details are ensured through heuristics at the lower
level. There are also several commercial tools available for
refinery scheduling such as Aspen Petroleum Scheduler, As-
pen Refinery Multi-Blend Optimizer, Honeywell’s Produc-
tion Scheduler, and Honeywell’s Blend. Honeywell’s Pro-
duction Scheduler has a logistics solver to optimize logistics
and quantity problems and a quality solver to solve quantity
and quality problems. Most of the models used in these com-
mercial tools are based on discrete-time formulation.

In this work, we present a comprehensive integrated opti-
mization model for the production units and end-product
blend scheduling problem that incorporates quantity, quality,
and logistics decisions related to real-life refinery opera-
tions. The model is driven by the shipment plan and
accounts for the tradeoffs between costs of keeping inven-
tory and changing run modes. The goals of refinery opera-
tions scheduling are to maximize the profit and performance
while minimizing the penalties subject to quantity, quality,
and logistics giveaways and nonattainment.22 The outline of
this article is as follows. Section ‘‘problem definition’’
presents the problem definition, Section ‘‘proposed model’’
presents the mathematical formulation that is applied to a
realistic case study example to illustrate the applicability of
proposed model to large-scale model in Section ‘‘results on
the case studies,’’ and the article concludes with Section
‘‘summary.’’

Problem Definition

The production scheduling determines the detailed sched-
ule of each production unit and each demand order unload-
ing for a short time period (typically 10 days–1 month) by
taking into account the operational constraints of the plant.
The schedule defines which products should be produced
and which materials should be consumed in each time inter-
val over a given small time horizon; hence, it defines which
run mode to use and when to perform changeovers to meet
the market needs satisfying the demand and product specifi-
cations. Large-scale scheduling problems arise frequently in
oil refineries where the main objective is to assign sequence
of tasks to processing units within certain time frame such
that the demand of each product is satisfied before its due
date while minimizing the cost or maximizing the total
profit.

The refinery production system considered here is com-
posed of raw material storage tanks, production units, blend-
ing units, intermediate tanks, and final product tanks. Each
production unit is defined as a continuous processing ele-
ment that transforms the input streams into several products
according to the variable production recipe. For reasons of
operating flexibility and cost effectiveness, refinery unit
operations can generate a range of intermediate streams that
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are blended into finished products. For simplicity, we sepa-
rate the final products into two groups: (a) products that are
stored in tanks and (b) products that are not stored in tanks
but are supplied to the market directly from production units.
In this work, we limit the use of term ‘‘demand order’’ only
for the first group of products and each demand order corre-
sponds to only one kind of product because each multiprod-
uct order can be decomposed into several single product
orders. The characteristics of the problem considered in this
article are given in detail in the next subsection.

Problem characteristics

The key information available for the refinery includes the
following:
1. Maximum and minimum proportion of material pro-

duced or consumed at each production unit
2. Maximum and minimum production flow rates for each

production unit
3. Maximum and minimum inventory capacities for each

storage tank, identity of material type that each tank can
service, and initial holdup in each tanks
4. Upper limit on the flows out of finished product tanks
5. Demand orders for Group A products and their delivery

time windows
6. Total demand for Group B products
7. Maximum allowable heel quantity for multipurpose

product tanks
8. Minimum run length for units and maintenance time for

multipurpose tanks between run modes
9. Quality specifications limit on blend product properties

10. Available scheduling time horizon of 10 days
The goal of optimization is to determine:
1. The sequencing of tasks for production units
2. Each product pool that satisfies demand orders
3. Durations of tasks at production units and duration of

unloading tasks from product pools
4. The inventory levels in component and product pools
5. Production rates for units and unloading rate for prod-

uct pools
6. Composition of material produced and consumed
The problem is also restricted by a series of logistics

details as follows:
1. At any given time, only one task can take place at pro-

duction unit
2. Minimum run-length constraint for production units
3. Noncontiguous product order fulfillment for product in

Group A
4. Blend unit can send product to multiple pool sequen-

tially, not simultaneously
5. Product tanks cannot distribute and receive material at

the same time
6. Fill-draw-delay restriction for product pools enforces

certain amount of downtime on tanks after product loading
event has taken place
7. Multipurpose tanks can store different types of materi-

als over time, but only one type of material at any given
time
8. Sequence-dependent switchover for multipurpose tanks

where higher quality product is stored before lower grade
products

9. Maximum heel requirement restriction does not allow
product heel to exceed specified maximum heel quantity
when the multipurpose tank is switched to a different mode
10. Downgrading of the higher grade product to lower
grade product if necessary

Although a realistic case study is modeled, the following
assumptions had to be made:
1. Unlimited supply of raw materials
2. Fixed recipe for crude distillation units (CDUs)
3. Constant blend components properties
4. Perfect mixing in the blender
5. Product tank cannot satisfy multiple demand orders

simultaneously
6. Each demand order involves only one product
7. For production units, the amount of time required for

run-modes change is neglected
8. Changeover times in multipurpose tanks from higher to

lower grade product are negligible
Before presenting the mathematical model, a case study

with realistic data provided by Honeywell Process Solutions
is presented in the next section. The refinery produces diesel
fuels, jet fuel, and components for gasoline production. This
case study will be used to illustrate the applicability of the
proposed model in Section ‘‘proposed model.’’

Case study description

The production process at Honeywell refinery consists of
two blender units, 13 other processing units, and two noni-
dentical parallel CDUs that process two different type of
crude oils. The schematic of production system is shown in
Figure 1. There are two charging tanks for one CDU and a
charging pipeline for another CDU. The CDUs concurrently
transform crude oil into several distillation cuts. These distil-
lation cuts from the CDUs are then sent to other production
units for fractionation and reaction to produce blend compo-
nents for finished products. The oil refinery under case study
has the following production units: vacuum tower, coker
conversion unit, continuous catalytic reforming process unit,
isomax, fluid catalytic cracking (FCC) unit, penex, De-C5,
and alkylation process unit. Current regulatory requirements
to produce ultra-low-sulfur fuels require the use of hydro-
treating technology. Thus, the refinery also includes three
hydrodesulfurization (HDS) units: Naphtha HDS, Diesel
HDS, and FCC HDS.

Honeywell refinery uses Jet blender and Diesel blender
units to blend components produced by other production
units to produce final products. Jet blender unit blends
straight run jet, coker jet, and isomax jet streams to produce
jet fuel, which can be stored in two product tanks. Diesel
blender unit produces three different grades of fuel: CARB
diesel, EPA diesel, and red-dye diesel. Light cycle oil, HDS
diesel, and hydrocracked diesel are blended to produce these
three grades of diesel products using three different run
modes. There are two dedicated tanks for each grade of die-
sel products and one multipurpose tank that can service
CARB and EPA diesel.

There is 6 h of cleaning or maintenance downtime when
the multipurpose tank service switches from lower grade of
diesel product to higher grade of product. This cleaning
downtime is essential to remove any sulfur contamination
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present in the tank before low sulfur product is sent for stor-
age. The product tank has 4 h of downtime called fill-draw-
delay for certificate of analysis preparation and to let the
product settle down and mix before is shipped to the market.

Proposed Model

In this section, we present the mathematical formulation
for the refinery production scheduling problem based on con-
tinuous-time representation and the idea of unit-specific event
points.23,24 A state-task network representation introduced by
Kondili et al.25 is used to describe the refinery operations.
The model involves material balance constraints, capacity
constraints, demand constraints, quality constraints, logistics
constraints, and setup constraints. Material balance con-
straints connect the amount of material at one event point to
next event point; storage and production capacity limit is
enforced by capacity constraints; demand constraints ensure
that all the products demand is satisfied; and quality con-
straints ensure product quality specifications. Logistics con-
straints include all the logistics details presented in the previ-
ous section. If a feasible solution that satisfies all the quan-
tity, quality, and logistics constraints cannot be obtained,
then it is essential to produce a schedule that can still be

implemented in real-life refinery sacrificing model feasibility.
In this case, we introduced artificial variables to treat any
infeasibility present, and these variables are subsequently
penalized in the objective function to obtain an optimal solu-
tion that satisfies as many as possible from the quantity, lo-
gistics, and quality constraints by minimizing giveaways. A
detailed description of the each variable and parameter used
in the model can be found in the Notation section.

Variable recipe constraints

Upper and lower bounds are forced on the individual com-
ponents volumetric flow rates processed at each production
units. Here, Bi,j,n is a total amount of material processed at
unit j performing task i at event point n. Constraint 1a enfor-
ces the bound for the amount produced, whereas constraint
1b ensures that the amount consumed is restricted by the
imposed recipe.

qp;min
s;i Bi;j;n�bps;i;j;n � qp;max

s;i Bi;j;n; 8s 2 S; i 2 IPs ; j 2 Ji; n 2 N

(1a)

qc;min
s;i Bi;j;n�bcs;i;j;n � qc;max

s;i Bi;j;n; 8s 2 S; i 2 ICs ; j 2 Ji; n 2 N:

(1b)

Figure 1. Schematic of the refinery production plant for reference example.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Furthermore, the amount of material processed is equal to
the total amount of material consumed or produced. There-
fore, constraints 1a and 1b can be replaced by 2a–2c, and
we can eliminate variable Bi,j,n. Constraint 2c satisfies mate-
rial balance at each production unit j, which states that the
total amount of material consumed is equal to the total
amount of material produced.

qp;min
s;i

X
s02Spi

bps0;i;j;n � bps;i;j;n �qp;max
s;i

X
s02Spi

bps0;i;j;n;

8s 2 S; i 2 IPs ; j 2 Ji; n 2 N ð2aÞ

qc;min
s;i

X
s02Sci

bcs0;i;j;n � bcs;i;j;n �qc;max
s;i

X
s02Sci

bcs0;i;j;n;

8s 2 S; i 2 ICs ; j 2 Ji; n 2 N ð2bÞ

X
s2Sp

i

bps;i;j;n ¼
X
s2Sci

bcs;i;j;n; 8j 2 J; i 2 Ij; n 2 N: (2c)

In our work, we assume that the CDUs have the same
lower and upper bounds which means that the distillation
cuts are assumed to be known.

Material balance constraints for production units

Constraints 3a connect the material produced at produc-
tion units to subsequent storage tanks, production units, and
end-product delivery to market. Constraints 3b represent that
the consumption at a production unit is equal to the amount
of material coming from preceding storage tanks, previous
units, and raw material supply.

X
i2Ij

bps;i;j;n ¼
X

k2Kpk
j \Ks

Kifs;j;k;n þ
X

j02Jseqj \Jcs
JJfs;j;j0;n þ Uofs;j;n;

8s 2 S; j 2 Jps ; n 2 N ð3aÞ

X
i2Ij

bcs;i;j;n ¼
X

k2Kkp
j \Ks

Kofs;k;j;n þ
X

j02Jseqj \Jps
JJfs;j0;j;n þ Uifs;j;n;

8s 2 S; j 2 Jcs ; n 2 N: ð3bÞ

Material balance constraints for storage tanks

The material balance constraints for storage tanks are
given by Eqs. 4a and 4b. The equations state that the inven-
tory of a tank at one event point is equal to that of previous
event point adjusted by the input and output streams amount
and by taking into account the downgraded products amount.

sts;k;n ¼ stos;k þ
X
j2Jpk

k

Kifs;j;k;n þ Rifs;k;n �
X
j2Jkp

k

Kofs;j;k;n;

�
X
o2Os

Lfk;o;n þ
X
s02Sk

stds0;s;k;n �
X
s02Sk

stds;s0;k;n;

8s 2 S; k 2 Ks; n ¼ 1 ð4aÞ

sts;k;n ¼ sts;k;n�1 þ
X
j2Jpk

k

Kifs;j;k;n þ Rifs;k;n �
X
j2Jkp

k

Kofs;j;k;n;

�
X
o2Os

Lfk;o;n þ
X
s02Sk

stds0;s;k;n �
X
s02Sk

stds;s0;k;n;

8s 2 S; k 2 Ks; 1\ n � N: ð4bÞ

The variable stds0,s,k,n is defined as the tank heel of mate-
rial s0 present at the end of event point n � 1 that is down-
graded to material s during event point n.

stds0;s;k;n ¼
� 0 if product s0 is downgraded to s in tank k at event point n

0 otherwise:

�

When there is a changeover from higher grade product to
lower grade, the tank heel present in the tank would be
transformed into lower grade product without violating any
product property specifications of lower grade product.

Capacity constraints for production units

Constraint 5 enforces that the material processed by unit j
performing task i is bounded by the maximum and minimum
rate of production. Constraint 6 gives an upper bound on
total amount of material processed at unit j over the entire
time horizon.

Rmin
i;j Tfi;j;n � Tsi;j;n

� � � X
s02Sp

i

bps0;i;j;n

� Rmax
i;j Tfi;j;n � Tsi;j;n

� �
; i 2 I; j 2 Ji; n 2 N ð5Þ

X
s02Sp

i

bps0;i;j;n � UH� Rmax
i;j � wvi;j;n; 8i 2 I; j 2 Ji; n 2 N:

(6)

Capacity constraints for storage tanks

Constraints 7a–7c are capacity constraints for storage
tanks, and they define the binary variables associated with
flow in and out of the tanks.

Kifs;j;k;n � Vmax
k � ins;j;k;n; 8j 2 J; k 2 Kpk

j ; n 2 N (7a)

Kofs;j;k;n � Vmax
k � outs;j;k;n; 8j 2 J; k 2 Kkp

j ; n 2 N (7b)

Lfs;k;o;n � Vmax
k � lk;o;n; 8s 2 S; k 2 Ks; o 2 Os; n 2 N:

(7c)

Constraints 8a–8c represent that the material present in
the tank should not exceed maximum storage capacity. The
multipurpose tanks can store different grades of products,
and if the higher grade product is present in the tank when it
is being serviced for lower grade product, then the high-
quality product will be downgraded into lower quality. The
downgraded products are taken into consideration for storage
capacity limit in constraints 8a and 8b.
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stos;k þ
X
j2Jpk

k

Kifs;j;k;n þ Rifs;k;n þ
X
s02Sk

stds0;s;k;n �
X
s02Sk

stds;s0;k;n

� Vmax
k ys;k;n; 8s 2 S; k 2 Ks; n ¼ 1 ð8aÞ

sts;k;n�1 þ
X
j2Jpk

k

Kifs;j;k;n þ Rifs;k;n þ
X
s02Sk

stds0;s;k;n

�
X
s02Sk

stds;s0;k;n � Vmax
k ys;k;n; 8s 2 S; k 2 Ks; 1\n � N ð8bÞ

X
j2Jkp

k

Kofs;k;j;n þ
X
o2Os

Lfk;o;n � Vmax
k ys;k;n;

8s 2 S; k 2 Ks; n 2 N: ð8cÞ

The maximum and minimum unloading (lift) rate for
product storage tanks must be bounded as specified by con-
straint 9.

RUmin
k Tofk;o;n � Tosk;o;n

� � � Lfk;o;n

� RUmax
k Tofk;o;n � Tosk;o;n

� �
; 8k 2 Kp; o 2 O; n 2 N ð9Þ

Quality constraints

The final products produced by the blenders should satisfy
the quality specifications. These product qualities are
assumed to be computed by volumetric average to maintain
model linearity. As the blend components properties are
assumed to be constant, linearity of the model is preserved.
Constraint 10 guarantees that final product leaving the outlet
port of the blender satisfies set product quality range. Here,
Pmin
s;p and Pmax

s;p are the upper and lower limit of property p
for final blend product s.

Pmin
s;p

X
i2Ips

bps;i;j;n � pgls;p;n �
X

i2Ips ;s02Sci
Ps0;pbcs0;i;j;n

� Pmax
s;p

X
i2Ips

bps;i;j;n þ pgus;p;n; 8s 2 Sb; j 2 Jps ; n 2 N ð10Þ

When the final products produced by the blenders cannot
meet the quality specifications at event point n, we intro-
duced positive slack variables pgls;p;n and pgus;p;n, which are
penalized in objective function to minimize giveaways.

Demand constraints

Demand of each finished product must be satisfied during
the entire scheduling horizon. Constraint 11 guarantees that
sufficient amount of product will be available to meet the
demand.

D�
o;s þ rs � dglo � rgsþ �

X
k;n

Lfk;o;n þ
X
j;n

Uofs;j;n � Dþ
o;s

þ dguo; 8s 2 Sb; o 2 Os [ 8s 2 Sf : ð11Þ

Because of production capacity limitation, sometimes the
demand order of finished product cannot be satisfied during
the entire scheduling horizon. A feasible solution can be

obtained by introducing the positive artificial variables dgl0,
dgu0, and rgs in the demand constraint, which are penalized
in the objective function to minimize quantity giveaway.

Logistics constraints

Allocation Constraints. Constraint 12 expresses that if a
task i starts at event point n, then it must be performed in
one of the suitable units j. It also satisfies the operating
detail that a unit can physically perform only one task at any
given time.

X
i2Ij

wvi;j;n � 1; 8j 2 J; n 2 N: (12)

The requirement that multipurpose storage tanks can store
only one type of products at any time is enforced by Eq.13.

X
s2Ks

ys;k;n � 1; 8k 2 Km; n 2 N: (13)

Minimum Run Lengths. The minimum run length for
each task is enforced by constraint 14. Here, the minimum
run length (RLi) is 15 h.

Tfi;j;n � Tsi;j;n � RLiwvi;j;n � UH 1� wvi;j;n
� �

;

8i 2 I; j 2 Ij; n 2 N: ð14Þ

Similar to minimum run-length constraint, maximum run-
length restriction can be imposed if necessary.

Loading and Unloading Constraints. Product tanks can-
not load and unload material at the same time, and this
restriction is enforced by Eq. 15. Furthermore, we restrict
that product tanks can only satisfy one demand order at any
given time.

X
s2Sk

ins;j;k;n þ
X
o2O

lk;o;n � 1; 8k 2 K; j 2 Jpkk ; n 2 N: (15)

A One-Flow-Out Restriction for Blender Unit. A one-
flow-out restriction given by Eq. 16 is required for all opera-
tion tasks on a blender to ensure that the product output
from the blend unit can only go to one product tank. This
restriction is imposed because the refinery has a blend prop-
erty online controller that is set up to fill a specific product
tank by taking into account the tank heel properties. If a
blend unit does not comply with this restriction and send the
output from the blender to multiple tanks simultaneously and
not sequentially, then this miss-operation can result in a sig-
nificant off-specification of product stocks.

X
k2Ks\Kpk

j

ins;j;k;n � 1; 8s 2 Sb; j 2 Jps ; n 2 N: (16)

Setup Constraints. To model tank setup, we use the
binary variables bk,n, which are defined by constraints 17a
and 17b.
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bk;n ¼
1 if storage tank k becomes active at event point n for first time

0 otherwise

�

bk;n �
X
s2Sk

ys;k;nþ
X

s2Sk ;n0\n

ys;k;n0 ; 8k 2 Kh; n 2 N;
X
s

yos;k ¼ 0

(17a)

bk;n �
X
s2Sk

ys;k;n �
X

s02Sk ;n0\n

ys0;k;n0 ; 8k 2 Kh; n 2 N;
X
s

yos;k ¼ 0:

(17b)

Similarly for production unit, the setup variables are aj,n, and
constraints 18a and 18b represent the utilization of unit at event
n for the very first time during the production time horizon.

aj;n ¼
1 if unit j becomes active at event point n for first time

0 otherwise

�

aj;n �
X
i2Ji

wvi;j;n þ
X

i2Ji;n0\n

wvi;j;n0 ; 8j 2 Jh; n 2 N (18a)

aj;n �
X
i2Ji

wvi;j;n �
X

i02Ji0 ;n0\n

wvi0;j;n0 ; 8j 2 Jh; n 2 N: (18b)

As the refinery operates in a continuous mode, we only

define the setup variables for identical parallel production

units and tanks. Setup variables are penalized in the objec-

tive function to minimize the total number of units and stor-

age tanks that are used during refinery operation.
Changeovers Constraints. Different mode of production

and storage tasks are specified by different types of product

being produced or stored. Changeovers between modes of

operations cause disturbances and additional costs. Thus, few

changeovers (long sequences of the same mode of opera-

tions) are desired. Continuous variables vi0,i,j,n and gs0,s,k,n
denote changeover of task at production unit j and change-

over of service mode at product pool k, respectively.

xi0;i;j;n ¼ 1 if mode changes from i0 at event point n to i at later event point
0 otherwise

�

gs0;s;k;n ¼ 1 if mode changes from s0 at event point n to s at later event point
0 otherwise

�

Changeover constraints proposed by Shaik et al.26 are
used in this work. Constraints 19–20c are thus used to force
the changeover variables to 1 if there is a change in opera-
tions mode from event point n to any later event point.

vi0;i;j;n � wvi0;j;n; 8j 2 Jm; i 2 Ij; i
0 2 Ij; i

0 6¼ i; n\N (19a)

vi0;i;j;n � 1þ wvi;j;n0 �
X
i002Ij

wvi00;j;n0 þ
X

i002Ij;n002n\n00\n0
wvi00;j;n00 ;

8j 2 Jm; i 2 Ij; i
0 2 Ij; i

0 6¼ i; n\N; n\ n0 � N ð19bÞ

vi0;i;j;n � wvi0;j;n þ wvi;j;n0 � 1�
X

i002Ij;n\n00\n0
wvi00;j;n00 ;

8j 2 Jm; i 2 Ij; i
0 2 Ij; i

0 6¼ i; n\N; n\ n0 � N ð19cÞ

gs0;s;k;n � ys0;k;n; 8k 2 Km; s 2 Sk; s
0 2 Sk; s

0 6¼ s; n\N

(20a)

gs0;s;k;n � 1þ ys;k;n �
X
s2Sk

ys0;k;n0 þ
X

s002Sk ;n002n\n00\n0
ys00 ;k;n00 ;

8k 2 Km; s 2 Sk; s
0 2 Sk; s

0 6¼ s; n\N; n\ n0 � N ð20bÞ

gs0;s;k;n � ys0;k;n þ ys;k;n0 � 1�
X

s002Sk ;n\n00\n0
ys00;k;n00 ;

8k 2 Km; s 2 Sk; s
0 2 Sk; s

0 6¼ s; n\N; n\ n0 � N: ð20cÞ

The changeover variable gos0,s,k in Eq. 20d is active if
there is material s0 present in the tank at the beginning of

the time horizon and then service is changed over to new
material s at event point n ¼ 1.

yos;k þ ys0;k;n � gos;s0;k þ 1;

8k 2 Km; s 2 Sk; s
0 2 Sk; s

0 6¼ s; yos;k ¼ 1: ð20dÞ

Changeovers variables vi0,i,j,n,gos0,s,k, and gs0,s,k,n are penal-
ized in the objective function to minimize the changeovers.

Heel Requirement. When changeover occurs from higher
to lower quality product, the holdup in the tank must be less
than equal to the maximum heel quantity specified. The
maximum heel requirement can be enforced on stds,s0,k,n as
soft constraint using Eqs. 21a and 21b and positive slack
variable mhs,k,n. The artificial variable mhs,k,n is penalized in
the objective function to minimize the heel.

stds;s0;k;n �mhs;k;n � Vheel
k þ Vmax

k 1� gos;s0;k
� �

;

8k 2 K; s 2 Ks; s
0 2 Ks;us0\us; n ¼ 1 ð21aÞ

stds;s0;k;nþ1 �mhs;k;nþ1 � Vheel
k þ Vmax

k 1� gs;s0;k;n
� �

;

8k 2 K; s 2 Ks; s
0 2 Ks;us0\us; n\N: ð21bÞ

Product Downgrading. The downgrading of product hap-
pens, (1) there is a changeover of service at used multipur-
pose tanks or (2) it is required to meet lower quality product
lifting demand order due to production capacity limitation.
The downgrading of product is captured by Eqs. 22a–22e.
The variable associated with downgrading stds,s0,k,n is zero
when the switchover occurs from lower to higher quality
product.
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stds;s0;k;n � 0; 8k 2 Km; s 2 Ks; s
0 2 Ks;us0 > us; n 2 N

(22a)

stds;s0;k;n � Vmax
k gos;s0;k;

8k 2 Km; s 2 Ks; s
0 2 Ks;us0\us; n ¼ 1 ð22bÞ

stds;s0;k;nþ1�Vmax
k gs;s0;k;n;8k2 Km; s 2 Ks; s

0 2 Ks;us0\us; n\N

(22c)

stds;s0;k;n � Vmax
k 1� gos;s0;k

� � � stos;k � stds;s0;k;n

þ Vmax
k 1� gos;s0;k

� �
; 8k 2 Km; s 2 Ks; s

0 2 Ks;us0\us; n ¼ 1

ð22dÞ

stds;s0;k;nþ1 � Vmax
k 1� gs;s0;k;n

� � � sts;k;n � stds;s0;k;nþ1

þVmax
k 1� gs;s0;k;n

� �
; 8k 2 Km; s 2 Ks; s

0 2 Ks;us0\us; n\N:

ð22eÞ

Timing constraints

Sequence Constraints for Production Units. Finishing
time of any task must be greater than the starting time of
that task, as represented by constraint 23a. Constraint 23b
expresses that if task i starts at event point n þ 1, then it
must start after the end of the same task happening at event
point n, while Eq. 23c enforces the time sequence constraint
for different tasks happening in the same unit.

Tfi;j;n � Tsi;j;n; 8i 2 I; j 2 Ji; n 2 N (23a)

Tfi;j;nþ1 � Tfi;j;n; 8i 2 I; j 2 Ji; n 2 N; n\N (23b)

Tsi;j;nþ1 � Tfi0;j;n � UH 1� wvi0;j;n
� �

;

8j 2 J; i 2 Ij; i
0 2 Ij; i

0 6¼ i; n 2 N; n\N ð23cÞ

Constraints 24a–24d represent that two consecutive pro-
ductions with no storage in between, happen at the same
time because production units operate as continuous proc-
esses. Here, unit j consumes the material produced by unit j0.

Tsi;j;n � Tsi0;j0;n þ UH 1� wvi;j;n � wvi0;j0;n
� �

;

8j0 2 J; j 2 Jseqj0 ; i 2 Ij; i
0 2 Ij0 ; n 2 N ð24aÞ

Tsi;j;n � Tsi0;j0;n � UH 1� wvi;j;n � wvi0;j0;n
� �

;

8j0 2 J; j 2 Jseqj0 ; i 2 Ij; i
0 2 Ij0 ; n 2 N ð24bÞ

Tfi;j;n � Tfi0;j0;n þ UH 1� wvi;j;n � wvi0;j0;n
� �

;

8j0 2 J; j 2 Jseqj0 ; i 2 Ij; i
0 2 Ij0 ; n 2 N ð24cÞ

Tfi;j;n � Tfi0;j0;n � UH 1� wvi;j;n � wvi0;j0;n
� �

;

8j0 2 J; j 2 Jseqj0 ; i 2 Ij; i
0 2 Ij0 ; n 2 N: ð24dÞ

Sequence Constraints for Storage Tanks. Finishing time
of the inlet, outlet transfer service has to be greater than or
equal to the start time of that service. Constraints 25–27
enforce the sequence time requirement for movement trans-
fer task from one event point to next event point for same
unit-tank connection.

Tsfj;k;n � Tssj;k;n; 8k 2 K; j 2 Jpkk ; n 2 N (25a)

Tssj;k;nþ1 � Tsfj;k;n; 8k 2 K; j 2 Jpkk ; n 2 N; n\N (25b)

Tsfk;j;n � Tssk;j;n; 8k 2 K; j 2 Jkpk ; n 2 N (26a)

Tssk;j;nþ1 � Tsfk;j;n; 8k 2 K; j 2 Jkpk ; n 2 N; n\N (26b)

Tofk;o;n � Tosk;o;n; 8k 2 Kp; o 2 O; n 2 N (27a)

Tosk;o;nþ1 � Tofk;o;n; 8k 2 Kp; o 2 O; n 2 N; n\N: (27b)

Start time sequence constraints for tanks receiving/sending
material from/to multiple production units are given by con-
straints 28a and 28b, whereas constraints enforcing time
sequence requirement for different type of demand orders
satisfied by the tank are given by Eq. 28c.

Tssj0;k;nþ1 � Tsfj;k;n � UH 1� ins;j;k;n
� �

;

8k 2 K; j 2 Jpkk ; j0 2 Jpkk ; j0 6¼ j; n 2 N; n\N ð28aÞ

Tssk;j0;nþ1 � Tsfk;j;n � UH 1� outk;j;n
� �

;

8k 2 K; j 2 Jkpk ; j0 2 Jkpk ; j0 6¼ j; n 2 N; n\N ð28bÞ

Tosk;o0;nþ1 � Tofk;o;n � UH 1� lk;o;n
� �

;

8k 2 Kp; o 2 O; o0 2 O; o0 6¼ O; n 2 N; n\N: ð28cÞ

Sequence constraint for material transfer in and out of
intermediate tanks happening at the same event point
is enforced by Eqs. 29a–29d.

Tssj;k;n þ UH 1� ins;j;k;n
� � � Tssk;j0;n � UH 1� outs;k;j0;n

� �
;

8k 2 K; j 2 Jpkk ; j0 2 Jkpk ; n 2 N ð29aÞ

Tssj;k;n � UH 1� ins;j;k;n
� � � Tssk;j0;n þ UH 1� outs;k;j0;n

� �
;

8k 2 K; j 2 Jpkk ; j0 2 Jkpk ; n 2 N ð29bÞ

Tsfj;k;n þ UH 1� ins;j;k;n
� � � Tsfk;j0;n � UH 1� outs;k;j0;n

� �
;

8k 2 K; j 2 Jpkk ; j0 2 Jkpk ; n 2 N ð29cÞ

Tsfj;k;n � UH 1� ins;j;k;n
� � � Tsfk;j0;n þ UH 1� outs;k;j0;n

� �
;

8k 2 K; j 2 Jpkk ; j0 2 Jkpk ; n 2 N: ð29dÞ

Constraints 30a and 30b connect material transfer from
one event point to next event point. Product tanks cannot
simultaneously load and unload material, and this restriction
is enforced by Eqs. 31a and 31b. Variable tak is a fill-draw-
delay parameter for tank k. The tank unloading happens any-
time after the material flow into the tank is over and fill-
draw-delay downtime has elapsed. Product flow into the tank
starts after the end of the product unloading.

Tssj;k;nþ1 � Tssk;j0;n � UH 1� outs;k;j0;n
� �

;

8k 2 K; j 2 Jpkk ; j0 2 Jkpk ; n 2 N; n\N ð30aÞ
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Tssk;j0;nþ1 � Tssj;k;n þ UH 1� ins;j;k;n
� �

;

8k 2 K; j 2 Jpkk ; j0 2 Jkpk ; n 2 N ð30bÞ

Tosk;o;nþ1 � Tsfj;k;n � UH 1� ins;j;k;n
� �þ takins;j;k;n;

8s 2 S; k 2 Ks; j 2 Jpkk ; o 2 Os; n\N ð31aÞ

Tssj;k;nþ1 � Tofk;o;n � UH 1� lk;o;n
� �

;

8k 2 K; j 2 Jpkk ; o 2 O; n\N: ð31bÞ

The tank needs to go through cleaning maintenance to store
higher grade product after servicing lower grade product.
This maintenance downtime requirement is captured by con-
straints 31c. Constraints are relaxed if there is no switchover
in the service from lower grade to higher grade product type.

Tssj;k;nþ1 � Tofk;o;n � tcleank 2gs0;s;k;n � 1
� �

;

8k 2 K; s 2 Sk; s
0 2 Ss;us0 \us; j 2 Jpkk o 2 Os0 ; n\N: ð31cÞ

Sequence Constraints for Production Units and Storage
Tanks. Upstream production and material flow into storage
tank happen at the same time, which is imposed by con-
straints 32a–32d.

Tsi;j;n � Tssj;k;n þ UH 1� wvi;j;n � ins;j;k;n
� �

;

8s 2 S; k 2 Ks; j 2 Jpkk ; i 2 Ij; n 2 N ð32aÞ

Tsi;j;n � Tssj;k;n � UH 1� wvi;j;n � ins;j;k;n
� �

;

8s 2 S; k 2 Ks; j 2 Jpkk ; i 2 Ij; n 2 N ð32bÞ

Tfi;j;n � Tsfj;k;n þ UH 1� wvi;j;n � ins;j;k;n
� �

;

8s 2 S; k 2 Ks; j 2 Jpkk ; i 2 Ij; n 2 N ð32cÞ

Tfi;j;n � Tsfj;k;n � UH 1� wvi;j;n � ins;j;k;n
� �

;

8s 2 S; k 2 Ks; j 2 Jpkk ; i 2 Ij; n 2 N: ð32dÞ

For intermediate storage tanks, downstream production
and material flow out of feed tank occur simultaneously.
This constraint is imposed by Eqs. 33a–33d.

Tsi;j;n � Tssk;j;n þ UH 1� wvi;j;n � outs;k;j;n
� �

;

8s 2 S; k 2 Ks; j 2 Jkpk ; i 2 Ij; n 2 N ð33aÞ

Tsi;j;n � Tssk;j;n � UH 1� wvi;j;n � outs;k;j;n
� �

;

8s 2 S; k 2 Ks; j 2 Jkpk ; i 2 Ij; n 2 N ð33bÞ

Tfi;j;n � Tsfk;j;n þ UH 1� wvi;j;n � outs;k;j;n
� �

;

8s 2 S; k 2 Ks; j 2 Jkpk ; i 2 Ij; n 2 N ð33cÞ

Tfi;j;n � Tsfk;j;n � UH 1� wvi;j;n � outs;k;j;n
� �

;

8s 2 S; k 2 Ks; j 2 Jkpk ; i 2 Ij; n 2 N: ð33dÞ

All tasks should start and finish before the end of the
scheduling time horizon as stated in 34a–34d.

Tsi;j;n � H; Tfi;j;n � H; 8i 2 I; j 2 Ji; n 2 N (34a)

Tssj;k;n � H; Tsfj;k;n � H; 8i 2 J; k 2 Kpk
j ; n 2 N (34b)

Tssk;j;n � H; Tsfk;j;n � H; 8i 2 J; k 2 Kkp
j ; n 2 N (34c)

Tosk;o;n � H; Tofk;o;n � H; 8o 2 O; k 2 Kp; n 2 N: (34d)

Intermediate Due Dates. Intermediate due dates for
Group A products, which are stored in product pools, are
given by constraints 35a and 35b. Orders can start unloading
anytime after the vessel arrival time and finish unloading
anytime before vessel departure time. The due date require-
ments are enforced as inequality constraints to consider de-
murrage by using slack variables Tearlyo and Tlateo, which
are penalized in the objective function.

Tosk;o;n þ UH 1� lk;o;n
� � � timeso � Tearlyo;

8o 2 O; k 2 Kp; n 2 N ð35aÞ

Tofk;o;n þ UH 1� lk;o;n
� � � timefo þ Tlateo;

8o 2 O; k 2 Kp; n 2 N: ð35bÞ

Valid inequalities

Valid inequalities are added in the proposed model to
improve the computational efficiency of the proposed model.
Constraints 36a and 36b enforce that if the material s is
flowing into the tank at event point n, then the binary vari-
able ys,k,n is 1, and similarly, if the material is flowing out of
the tank, then the binary variable is also 1.

X
j2Jpk

k

ins;j;k;n �
X
j2Jpk

k

ys;k;n; 8k 2 K; s 2 Sk; n 2 N (36a)

X
j2Jkp

k

outs;j;k;n �
X
j2Jkp

k

ys;k;n; 8k 2 K; s 2 Sk; n 2 N: (36b)

If the tank is sending or receiving the material from a pro-
duction unit, then that unit is active and these requirements
are represented by Eqs. 37a and 37b.

X
k2Kpk

j

ins;j;k;n �
X
k2Kpk

j

X
i2Ij\Ips

wvi;j;n; 8j 2 J; s 2 Spj ; n 2 N (37a)

X
k2Kkp

j

outs;k;j;n �
X
k2Kkp

j

X
i2Ij\Ics

wvi;j;n; 8j 2 J; s 2 Scj ; n 2 N:

(37b)

As loading and unloading cannot happen at the same
event point, if the material is unloaded at event point n þ 1,
then tank is not empty at previous event point n. This feature
of model is captured by Eq. 38.

X
o

lk;o;nþ1 �
X
s2Sk

ys;k;n; 8k 2 K; n 2 N; n\N: (38)

If two units are consecutive without any storage tank
between them, then constraint 39 imposes the simultaneous
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operation of these units due to the continuous operation
mode. However, this constraint is not imposed on parallel
production units that can produce the same type of products.

X
j02Jseqj =Jh;i02Ij0

wvi0;j0;n �
X

j02Jseqj =Jh;i2Ij
wvi;j;n; 8j 2 J; j 62 Jh; n 2 N:

(39)

Constraint 40 enforces the material balance constraint in
addition to the constraint presented in Eq. 2c.

X
k2Kkp

j \Ks

Kofs;k;j;n þ
X

j02Jseqj \Jps
JJfs;j0;j;n þ Uifs;j;n �

X
k2Kpk

j \Ks

Kifs;j;k;n þ
X

j02Jseqj \Jcs
JJfs;j;j0;n þ Uofs;j;n;

8j 2 J; n 2 N: ð40Þ

Objective function

The objective function (41) is used to maximize the per-
formance and profit of total production. The refinery per-
formance is represented by the minimization of utilization
of units and tanks, all the connection between production
units and tanks, start up setups, changeovers, and produc-
tion downgrading. The blending task is significantly
improved by reducing the quantities of downgraded prod-
ucts. Logistics and quality giveaways, under- and overpro-
duction, and demurrage are penalized. Profit term includes
the costs of feeds and revenue of products. The penalty
weights are assigned arbitrary to each term depending on
its importance in schedule. The deviation from intermediate
due dates is heavily penalized, quality giveaways are penal-
ized the second most, while connection between unit and
tank is least heavily penalized. It is favorable that the mul-
tipurpose product tanks store different grade products only
in a certain order that is allowed by the sequence-depend-
ent switchovers constraint. The favorable switchovers are
from higher grade of product to lower grade, and unfavora-
ble switchovers are from lower grade to higher grade prod-
uct. Because of contamination issues, unfavorable switch-
overs are more heavily penalized than favorable. Similar to
multipurpose tanks, there is a sequence-dependent switch-
over restriction for multipurpose blend units. The switch-
over from the run mode that produces better quality prod-
uct to lower quality product is least penalized than vice
versa.

z ¼
X
i;j2Ji;n

c1i;jwvi;j;n þ
X

s;k2Ks;n

c2kys;k;n þ
X

k2Kp;o;n

c3klk;o;n

þ
X

j;s2Spj ;k2Ks;n

c4j;kins;j;k;n þ
X

j;s2Sc
j
;k2Ks;n

c4k;jouts;k;j;n

þ
X
j2Jh;n

c5j aj;n þ
X
k2Kh;n

c6kbk;n þ
X

j2Jm;i2Ij;i02Ij;i0 6¼i;n

c7i;i0vi;i0;j;n

þ
X

k2Km;s2Sk ;s02Sk ;s6¼s0
c8s;s0gos;s0;k þ

X
k2Km;s2Sk ;s02Sk ;s6¼s0;n

c8s;s0gs;s0;k;n

þ
X

s;k2Ks;n

c9ksts;k;n þ
X

k2Km;s2Sk ;s02Sk ;s6¼s0;n

c10k2Kmstds;s0;k;n

þ
X

k2Km;s2Sk ;n
c11s;kmhs;k;n þ

X
s2Sb;p;n

c12s;ppg
l
s;p;n þ

X
s2Sb;p;n

c13s;ppg
u
s;p;n

þ
X
o2O

c14o dglo þ
X
o2O

c15o dguo þ
X
s2Sf

c16s rgs þ
X
o2O

c17o Tearlyo

þ
X
o2O

c18o Tlateo þ
X

k;s2Sk;n
c19s Rifs;k;n þ

X
s;jcs ;n

c19s Uifs;j;n

�
X

s2Sf ;jps ;n
c20s Uofs;j;n �

X
s2Sb;k2Ks;o2Os;n

c21s Lfs;k;o;n: ð41Þ

Note that the different penalty parameters have significant
effect on the computational time required to obtain an opti-
mal solution.

Results on the Case Studies

In this section, two problems based on the realistic case
study presented in Section ‘‘problem definition’’ are solved
to optimality and analyzed to show the effectiveness of the
proposed model. Each case study includes different set of
examples that differ in either demands, intermediate due
dates, or initial holdup in the tank. All the problems are
solved on a Dell Precision (IntelR XeonTM with CPU 3.20
GHz and 2 GB memory) running on Windows XP using
CPLEX 12.1.0/GAMS 23.2. The penalties parameter used in
the objective function are given in Table 1.

Case study 1

The first case study is obtained by deleting three diesel
product tanks to reduce the model size and to obtain me-
dium-scale case study. The medium-scale refinery has only
one dedicated tank for each three diesel product and one
multipurpose tank that can service CARB and EPA diesel.
For this problem, there are no product tanks receiving mate-
rial from more than one blender unit and no raw material
tank supplying material to multiple CDUs. Thus, we exclude
constraints 28a and 28b from the model because the time

Table 1. Price of Raw Materials and Final Products

Material Price Material Price Material Price

ANS crude oil 25 Jet fuel 70 Pentane 40
SJV crude oil 20 Refinery gases 50 NC4 40
Carb diesel 80 Isomerate 60 Alkylate 60
EPA diesel 60 Reformate 60 FCC gas 45
Red-dye diesel 50 Isomax gasoline 65 Coke 30
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Table 2. Penalty Parameters in Objective Function

Penalty Parameter Value Penalty Parameter Value

C1
carbnormal;dieselblender 125 C11

s;k 10

C1
EPAnormal;dieselblender 105 C12

s;p 1000

C1
Reddyenormal;dieselblender 85 C13

s;p 1300

C2
k 1 C14

o 1150

C3
k 1 C15

o 500

C4
j;k 4 (Multipurpose tank: 6) C16

s 1100

C5
j 1 C17

o 1400

C6
k 150 C18

o 1250

C7
i;i0 40 (Unfavorable: 50) C19

s price(s) � (e þ q)�1

C8
s;s0 60 (Unfavorable: 70) C20

s price(s) � e�1

C9
k (Vmax

k )�1 C21
s price(s) � q�1

C10
k (Vheel

k )�1

where e ¼ 3
P
s
rs and q ¼ 2

P
o;s

ordero;s.

Table 3. Group A Products Demand Order Data for Case Study 1

Ex.

Orders [Product Type, Amount (kbbl), Delivery Window, Delivery Rate (kbbl/h)]

O1 O2 O3 O4 O5 O6 O7

1 P3 P2 P1 P4
[10,100] [50,150] [50,175] [10,150]
[58,71] [10,20] [28.5,46.5] [40,70]

3 10 10 3
2 P3 P2 P1 P4 P4

[37,100] [55,150] [98,175] [112,150] [50,100]
[65,72] [55,68] [30,43] [38,50] [59.6,71.5]
10 10 10 10 10

3 P3 P2 P1 P1 P4 P4 P2
[5,15] [5,21] [15,50] [10,75] [50,150] [25,75] [10,38]
[10,23] [23,30] [36,48] [54,65] [25,38] [55,72] [63,72]
10 10 10 10 10 10 10

4 P3 P2 P1 P1 P4 P4 P2
[5,15] [5,21] [15,50] [10,75] [50,150] [25,75] [10,38]
[10,23] [23,30] [36,48] [54,65] [25,38] [55,72] [63,72]
10 10 10 10 10 10 10

Table 4. Group B Products Demands Data for Case Study 1

Ex. Initial Holdup (Product, kbbl)

Group B Products Demand (kbbl)

P5 P6 P7 P8 P9 P10 P11 P12 P13

1 P1–10 5 20 20 20 5 0 5 5 0
2 – 5 24 65 13 5 0 5 5 0
3 P1–7 5 20 15 8 5 3 5 4 9
4 P2–7 5 20 15 8 5 3 5 4 9

Table 5. Computational Performance of Case Study 1 (Without Valid Inequalities)

Ex. n 0-1 Var. Cont. Var. Constraints Nonzero Elements Nodes Iterations CPU Time (s) Obj. Value % Gap

1 4 260 1683 4200 14,841 167,899 24,414,456 12504.70 1125.98 0.00
2 4 268 1719 4311 15,245 379,243 58,903,042 35273.88 1643.92 0.00
3 4 284 1793 4542 16,024 1,000,000 161,530,640 102634.73 1234.92 3.75*
4 4 284 1794 4541 16,021 1,000,000 204,485,505 121729.67 1193.73 5.01*
4 5 355 2242 5743 20,702 564,000 218,078,428 169094.88 1065.40 16.30†

*Nodes limit reached.
†Out of memory.

Table 6. Computational Performance of Case Study 1 (With Valid Inequalities)

Ex. n 0-1 Var. Cont. Var. Constraint Nonzero Elements Nodes Iterations CPU Time (s) Obj. Value % Gap

1 4 260 1683 4474 15,675 10,552 1,487,406 713.28 1125.98 0.00
2 4 268 1719 4585 16,085 20,085 2,684,973 1309.78 1643.92 0.00
3 4 284 1793 4816 16,876 56,424 7,003,479 3473.47 1234.24 0.00
4 4 284 1794 4815 16,873 14,922 1,810,327 983.47 1193.54 0.00
4 5 355 2242 6087 21,772 78,318 17,482,935 11616.69 1055.45 0.00
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sequence requirements for intermediate tanks are satisfied by
other sequence constraints present in the formulation. Data
for different set of examples are given in Tables 3 and 4,
and results are shown in Tables 5 and 6. The initial holdup
in Table 2 is stated for multipurpose tanks. Demand of
Group B products has to be met before the end of the sched-
uling time horizon. In this case study, the scheduling horizon
is 72 h (3 days). The products P1, P2, P3, and P4 correspond
to red-dye diesel, EPA diesel, CARB diesel, and jet fuel,
respectively. In this case study, we have included four prod-
uct qualities requirements for blend products. The rule of
thumb for the smallest number of event points needed to
obtain an optimal solution is (d þ 1), where d represents the
total number of diesel products in the demand orders. For
example, if only CARB and EPA diesel products are
required, then three event points should be considered first.

For the examples addressed in the case study 1, the afore-
mentioned valid inequalities allowed us to compute medium-
scale scheduling problems with significantly less computa-
tional effort. The first integer solution is obtained within 15
s for all the examples studied. The computational perform-
ance with and without valid inequalities is presented in

Tables 5 and 6, respectively. When the valid inequalities are
included in the model, the number of variables remains the
same, but the number of constraints and nonzero elements
increase. Valid inequalities have no effect on quality of the
optimal solution; rather their effect is concentrated in signifi-
cantly reducing the computational effort needed to find the
optimal solution. The CPU time required to reach optimal
solution is reduced by 90% when the valid inequalities are
present vs. when they are not included in the model. When
example 3 is solved without valid inequalities, the optimal
solution is not obtained even after 28 h, whereas when it is
solved with valid inequalities, the optimal solution is
obtained within 1 h. The size of the model increases as the
event point increases, and time to obtain optimal solution
also increases as observed for examples 4. In example 1, to
satisfy the demand of order 2 (O2) within its delivery win-
dow, higher quality product P1 is downgraded to lower qual-
ity product P2. Multipurpose tank inventory data for exam-
ple 1 are shown in Table 7. Product degradation is observed
in optimal solution of example 3 to satisfy the product
demand of order 2.

Case study 2

In this section, the proposed model is applied to Honey-
well Hi-Spec refinery problem presented in section ‘‘problem
definition.’’ We exclude constraints 28a and 28b because of
the reasons mentioned in the previous case study. The time
horizon considered in this case study is 10 days (240 h), and
there are four different quality restrictions placed on the

Table 7. Material Flow In and Out of Multipurpose Tank
for Case Study 1, Example 1

Initial Holdup
(Product/Amount, kbbl)

Flow
Direction

Event Points

n1 n2

P1/10 Loading P2 (40 kbbl)
Unloading P2 (50 kbbl)

Table 8. Group A Products Demand Order Data for Case Study 2

Orders

Product Type, Amount (kbbl), Delivery Window, Delivery Rate (10 kbbl/h)

Ex. 1 Ex. 2 Ex. 3 Ex. 4 Ex. 5 Ex. 6

O1 P3 P3 P3 P3 P1 P1
[50,100] [75,100] [15,50] [15,50] [15,50] [15,50]
[28.5,46.5] [110,140] [36,54] [36,54] [36,54] [24,50]

O2 P2 P2 P2 P2 P2 P1
[50,150] [50,100] [32,50] [32,50] [32,50] [10,50]
[65,89] [63,89] [63,92] [63,92] [63,92] [63.73]

O3 P1 P1 P1 P1 P3 P2
[50,200] [75,125] [45,70] [45,70] [45,70] [5,70]
[105,130] [26.5,60] [103,119] [103,119] [103,119] [85,109]

O4 P1 P1 P1 P1 P1 P3
[50,175] [100,175] [63,98] [63,98] [63,98] [13,98]

[216.5,235.5] [215,235.5] [135,148.5] [135,148.5] [135,148.5] [125,138.5]
O5 P4 P4 P4 P4 P4 P4

[75,200] [100,200] [50,150] [50,150] [50,150] [20,150]
[90,120] [90,120] [100,135] [100,135] [100,135] [100,125]

O6 P4 P4 P4 P4 P4 P4
[50,250] [75,250] [15,130] [15,130] [15,130] [25,130]
[174,200] [204,230] [200,236.5] [200,236.5] [200,236.5] [200,236.5]

O7 P2 P2 P2 P2 P2 P1
[50,100] [50,100] [10,48] [10,48] [10,48] [10,48]

[166,211.5] [166,191.5] [166,199.5] [166,199.5] [166,205] [145,175]
O8 P3 P3 P1 P2

[10,35] [10,35] [10,35] [10,35]
[226,240] [226,240] [226,240] [195,220]

O9 P3
[10,35]
[230,240]

O10 P4
[25,150]
[225,240]
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blend products. The data for different demand orders are
shown in Tables 8 and 9, and results for these data are
shown in Table 10. All the examples reach the first integer
solution within 20 s. In many instances, the optimal solution
is reached fast and the rest of the time is spent proving the
global optimality, which is a typical behavior of mixed-inte-
ger programing models. In example 1, the optimal solution
is obtained with product P4 sulfur limit violations and due
date violation (demurrage) of demand order 1. When only
four event points are used for example 3, the optimal solu-
tion of 3866.22 is obtained that does not fully satisfy
demand order 7 (O7). However, when five event points are
used, the optimal solution of 1562.13 is obtained that satis-
fies all the demand orders within their due dates. In the case
of example 5 with five event points, the first integer solution
of 286630.74 and 99.78% gap is reached within 10 s, and
the first integer solution that does not violate any demand
requirements and due date restrictions is obtained within
1600 s with an objective value of 1741.81 and gap of

58.89%. Example 6 obtains the first integer solution with
objective value of 287161.44 and 99.91% gap in 15 s. The
solution without any quantity, quality, and demurrage viola-
tions is reached within 450 s with objective value of
1728.68 and 82.08% gap. A solution without product down-
grading is obtained for example 6 when six event points are
used. As the demand order increases, the event points
needed to reach best solution also increase, thus size of the
model increases too.

Summary

In this article, a short-term scheduling model is developed
based on continuous-time representation for large-scale refin-
eries. The model features logistics decisions such as start-up,
minimum run length, fill-draw-delay, one-flow out of
blender, sequence-dependent changeovers, maximum heel
quantity, and downgrading of product. A set of valid
inequalities are proposed that reduces the CPU resolution

Table 10. Computational Results for Case Study 2 (With Valid Inequalities)

Ex.
Event
Points

Var. Int./Cont.
(Constraints)
Nonzero Elem.

Last Integer Solution Optimal Solution

Nodes/Iterations Obj. Value
CPU

Time (s) Gap (%) Nodes/Iterations Obj. Value
CPU

Time (s)

1 4 328/1956 103,384/9,312,323 34638.64 5000 0.45 249,153/14,282,981 34638.64 7910.20
(5333)
18,614

2 4 328/1957 20,760/3,626,885 1671.86 1800 6.57 35,489/4,741,152 1671.86 2449.83
(5333)
18,622

3 4 336/1994 79,969/15,494,045 3866.22 8300 3.64 207,687/23,440,793 3866.22 12762.77
(5431)
18,947

3 5 420/2490 419,747/119,257,871 1562.13 100,700 1.96 872,647/133,443,528 1562.13 112879.86
(6872)
24,466

4 4 336/1993 43,412/8,367,727 1743.87 4650 6.70 59,005/9,238,856 1743.87 5150.23
(5438)
18,992

5 4 340/2009 22,787/4,473,417 1649.75 2650 3.16 55,538/6,353,433 1649.75 3787.66
(5518)
19,244

5 5 425/2510 97,379/30,910,982 1511.44 21,500 44.30 509,585/178,283,024 1511.44 136811.42*
(6976)
24,793

6 5 445/2597 428,485/160,549,580 1137.57 132,500 38.10 916,986/281,680,876 1137.57 234163.58†

(7246)
25,694

6 6 534/3114 120,720/52,056,975 997.25 54,800 40.71 375,832/150,550,479 997.25 161182.4‡

(8778)
31,779

*Out of memory. Optimal solution obtains with 33.13% gap.
†Out of memory. Optimal solution obtains with 12.62% gap.
‡Out of memory. Optimal solution obtains with 30.59% gap.

Table 9. Group B Products Demands Data for Case Study 2

Ex. Initial Holdup (Product, kbbl)

Group B Products Demand (kbbl)

P5 P6 P7 P8 P9 P10 P11 P12 P13

1 – 10 50 50 50 10 10 15 15 0
2 – 5 50 200 50 50 10 40 10 50
3 P2–8 7 43 172 53 40 11 44 15 30
4 – 7 43 172 53 40 11 44 15 30
5 – 7 43 172 53 40 11 44 15 30
6 P1–10 2 13 72 30 10 5 22 5 0
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time by a significant factor for large-scale refinery problems.
The model with valid inequalities is applied to different
examples and was observed that valid inequalities result in
up to 90% reduction in CPU performance time compared to
model without inequalities. The model is applied to two case
studies to illustrate the applicability of the proposed formula-
tions to large-scale refinery operations. However, even with
valid inequalities present in the model, the computational
time required to reach optimal solution is still high. Thus,
the focus for the future work is to use different decomposi-
tion approaches such as Lagrange decomposition, Benders
decomposition, heuristics, or combination of both heuristics
and mathematical decomposition to enable the solution of
large-scale problems.
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Notation

Indices

i ¼ tasks
j ¼ production units
k ¼ storage tanks
n ¼ event points
o ¼ product order
p ¼ properties
s ¼ states

Sets

Ij ¼ tasks which can be performed in unit j
Ips ¼ tasks which can produce material s
Ics ¼ tasks which can consume material s
J ¼ production units
Jcs ¼ units that consume material s
Ji ¼ units which are suitable for performing task i
Jh ¼ units that can produce all the same products as some

other unit in the refinery
Jm ¼ units which are suitable for performing multiple tasks
Jkpk ¼ units that consume material s stored in tank k
Jpkk ¼ units that produce material s stored in tank k
Jps ¼ units that can produce material s

Jseq
j0 ¼ units that follow unit j0 (no storage in between)
K ¼ storage tanks
Kh ¼ tanks that can store the same products as some other

tank in the refinery
Kkp
j ¼ tanks that store material consumed by unit j
Km ¼ multipurpose tanks that can store multiple materials
Kp ¼ tanks that can store final products
Kpk
j ¼ tanks that store material produced by unit j
Ks ¼ tanks that can store material s
N ¼ event point within the time horizon
O ¼ orders for products that are stored in tanks
P ¼ product properties
S ¼ states
Sb ¼ Group A final products, produced by blenders and

stored in tanks
Sf ¼ Group B final products, products that are not stored in

tanks
Sk ¼ materials that can be stored in tank k
Sci ¼ materials that can be consumed by task i
Scj ¼ materials that can be consumed by unit j

Spi ¼ materials that can be produced by task i
Spj ¼ materials that can be produced by unit j

Parameters

Dþ
o;s, D

�
o;s ¼ demand limit requirement for order o and product s

that is stored in tank
rs ¼ demand of the final product s at the end of the time

horizon
Rmin
i;j /Rmax

i;j ¼ minimum/maximum rate of material be processed by
task i in unit j

RLi ¼ minimum run length for task i
RUmin

k /RUmax
k ¼ minimum/maximum rate of product unloading at tank k

stos,k ¼ amount of state s that is present at the beginning of the
time horizon in k

tak ¼ fill-draw-delay for product tank k
UH ¼ available time horizon
Vmax
k ¼ maximum available storage capacity of storage tank k

Vheel
k ¼ maximum heel available for storage tank k

yos,k ¼ 1 if the material s is present at the beginning of the
time horizon in k

us ¼ Product grade index
qmin
s;i /q

max
s;i ¼ proportion of state s produced/consumed by task i

Variables

Binary Variables

wvi,j,n ¼ assignment of task i in unit j at event point n
ins,j,k,n ¼ assigns the material flow of s into storage tank k from

unit j at point n
lk,o,n ¼ assigns the starting of product flow out of product tank

k to satisfy order o at event point n
outs,k,j,n ¼ assigns the material flow of s out of storage tank k into

unit j at point n
ys,k,n ¼ denotes that material s is stored in tank k at event point

n

Positive Variables

bps,i,j,n ¼ amount of material s produced task i in unit j at event
point n

bcs,i,j,n ¼ amount of material s undertaking task i in unit j at
event point n

dglo ¼ minimum demand quantity giveaway term for order o
dguo ¼ maximum demand quantity giveaway term for order o
H ¼ total time horizon used for production tasks

JJfs,j,j0 ,n ¼ flow of state s from unit j to consecutive unit j0 for
consumption at point n

Kifs,j,k,n ¼ flow of material s from unit j to storage tank k event
point n

Kofs,k,j,n ¼ flow of material s from storage tank k to unit j at point
n

Lfo,k,n ¼ flow of final product for order o from storage tank k at
event point n

mhs,k,n ¼ maximum heel giveaway term for product tanks
pgls;p;n ¼ lower limit giveaway of product quality p
pgus;p;n ¼ upper limit giveaway of quality p for product s

rgs ¼ minimum demand quantity giveaway term for Group B
product s

Rifs,k,n ¼ flow of raw material to storage tank k event point n
Sts,k,n ¼ amount of state s present in storage tank k at event

point n
stds,s0 ,k,n ¼ amount of state s that is downgraded to state s0 in

storage tank k at event point n
Tearlyo ¼ early fulfillment of order o than required
Tfi,j,n ¼ time that task i finishes in unit j at event point n
Tlateo ¼ late fulfillment of order o than required

Tosk,o,n ¼ time that material starts to flow from tank k for order o
at event point n

Tofk,o,n ¼ time that material finishes to flow from tank k for order
o at event point n

Tsi,j,n ¼ time that task i starts in unit j at event point n
Tsfj,k,n ¼ time that material finishes to flow from unit j to tank k

at event point n
Tsfk,j,n ¼ time that material finishes to flow from tank k to unit j

at event point n
Tssj,k,n ¼ time that material starts to flow from unit j to storage

tank k
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Tssk,j,n ¼ time that material starts to flow from tank k to unit j at
event point n

Uifs,j,n ¼ flow of raw material s to production unit j at point n
Uofs,j,n ¼ flow of product material s from unit j at point n

aj,n ¼ for unit j, 1 if the unit becomes active for very first
time at event point n

bk,n ¼ for tank k, 1 if the tank becomes active for very first
time at event point n

gs,s0 ,k,n ¼ continuous 0-1 variable, 1 if material in tank k
switchover service from s at event point n to s0 at later
event point

gos,s0 ,k ¼ continuous 0-1 variable, 1 if material in tank k
switchover service from s to s0

vi,i0 ,j,n ¼ continuous 0-1 variable, 1 if task at unit j changes from
i at event point n to i0 at later event point.
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